We propose that the dynamical axion field can be realized in a magnetic topological insulator superlattice or a topological paramagnetic insulator. The magnetic fluctuations of these systems produce a pseudoscalar field which has an axionic coupling to the electromagnetic field, and thus it gives a condensed-matter realization of the axion electrodynamics. Compared to the previously proposed dynamical axion materials where a long range antiferromagnetic order is required, the systems proposed here have the advantage that only a uniform magnetization or a paramagnetic state is needed for the dynamic axion. We further propose several experiments to detect such a dynamical axion field. The search for topological quantum phenomena has attracted considerable interest in condensed matter physics. Topological phenomena are determined by some topological structures in physical systems and are thus usually universal and robust against perturbations [1] . The recent discovery of the time-reversal (T ) invariant (TRI) topological insulator (TI) brings the opportunity to realize a large family of new topological phenomena [2, 3] . The electromagnetic response of threedimensional (3D) insulators is described by the Maxwell action
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where
is the momentum space non-abelian gauge field, with |u µ k and |u k referring to the periodic part of the Bloch function of the occupied bands. All physical quantities in the bulk depend on θ only modulo 2π. S θ generally breaks the parity P and T symmetry except for two TRI points θ = 0 and θ = π, which describe trivial insulator and TI, respectively [4] . The term S θ with a universal value of θ = π in TIs gives rise to new physical effects such as image magnetic monopole [7] , quantized Kerr effect [8, 9] , and quantized topological magnetoelectric effect [4, [10] [11] [12] .
The axion field θ is static in a TRI TI. However, as is first suggested in Ref. [13] , when a long range antiferromagnetic (AFM) order is established in a TI, θ can deviate from π due to T symmetry breaking and becomes a dynamical field associated with the magnetic fluctuations. The resulting system is a new state of quantum matter which realizes the axion electrodynamics in condensed matter physics. The axionic excitations in such an unconventional AFM insulator can lead to novel effects such as the axionic polariton [13] . There have been great efforts devoted to searching for such dynamical axion state of matter [14] [15] [16] [17] [18] [19] . However, such AFM materials are still lacking.
In this paper, we propose a much simpler route to realize the dynamic axion in a magnetic TI superlattice. In particular, we clarify that the realization of a dynamical axion field does not necessarily require an AFM order and a TI parent material, but what is important is a proper coupling between the electrons and magnetic fluctuations [13] [14] [15] . The magnetic TI superlattice we adopt consists of alternating layers of a parent magnetic TI and a spacer normal insulator (NI), as shown in Fig. 1(a) . The magnetic TI layer is doped with Cr and Mn on top and bottom halves of TI film, respectively. We show that the phase diagram of this system contains a dynamic axion phase when uniform magnetization is achieved, where T symmetry is broken and the static value θ 0 = 0, π. We also propose to realize the dynamic axion in a topological paramagnetic (PM) insulator, where T symmetry is present and θ 0 = 0 or π. The PM fluctuations can couple to electrons, which induces a dynamical axion field. Such a PM insulator can be achieved by doping magnetic elements into TI materials close to the topological quantum critical point (QCP) [shown in Fig. 1(b) ]. Finally, we propose several experiments to detect this dynamical axion field.
The first system we propose is a magnetic TI superlattice as described above. Recent experiments have shown that the thickness and magnetic doping concentration of thin film TIs can be well controlled through layer-by- layer growth via molecular beam epitaxy [20] , therefore, such a superlattice is quite realistic to be fabricated. The magnetic ions will have a local exchange coupling with the band electrons described by J ν xi S ν (x i ) · s, where S ν (x i ) denotes the magnetic impurity spin at the position x i , ν = c, m denotes the Cr and Mn, respectively, and s = σ/2 is the local electron spin. The main advantage of such a superlattice is the two types of magnetic ions have opposite signs of exchange coupling parameters in TI materials, namely, J m < 0 and J c > 0. This is experimentally verified by opposite signs of the anomalous Hall conductance in the insulating regime of Mn-doped [21] and Cr-doped [22] Bi 2 Te 3 family materials. Therefore a uniform magnetization in the superlattice will induce opposite exchange fields in the upper and lower halves of a TI layer. The Hamiltonian describing the superlattice can be written as
where i and j label distinct magnetic TI layers, σ β and τ β (β = x, y, z) are Pauli matrices acting on the spin and the top/bottom surface of the parent TI layer, respectively. The first term in the Hamiltonian describes the top and bottom surface states of a parent TI layer, where a single 2D Dirac node is considered for Bi 2 Te 3 family materials [23] . v F is the Fermi velocity. k = (k x , k y ) is the inplane momentum. The second and third terms describe the Zeeman-type spin splitting for surface states induced by the ferromagnetic (FM) exchange couplings ∆ c of Cr and ∆ m of Mn along z axis, where m a = (∆ c − ∆ m )/2 is the staggered Zeeman field and m b = (∆ c + ∆ m )/2 is the uniform Zeeman field [24] . In the mean field (MF) approximation, the exchange field of Mn and Cr are given
Here y is the doping concentration of magnetic ion, S z is the MF expectation value of the ion spin in the z direction, ν = c, m. The thickness dependent parameters t s and t n describe the tunneling between the top and bottom surface states within the same (t s ) or neighboring (t n ) TI layer. For simplicity, we assume J c = −J m = J > 0.
First, we examine the phase diagram of the system. The momentum space Hamiltonian now is
The T and P transformation are defined as T = iσ y K (with K being the complex conjugation operator) and P = τ x , respectively. The band dispersion is given by
where t(k z ) = t 2 s + t 2 n + 2t s t n cos(k z ) and is the superlattice period along the growth z direction with = m + c + n . In the absence of exchange field, i.e., m a = m b = 0, the system is fully gapped when |t s | = |t n |, while it has a gapless Dirac node when t s /t n = ±1 [25] . For convenience we assume here t s /t n ≥ 0. When t s /t n = 1, the Dirac point is located at k x = k y = 0, k z = π/ . Such a critical Dirac point opens a gap when t s /t n deviates from unity, resulting in a 3D TI (t n > t s ) or NI (t n < t s ). Since both P and T symmetries are respected, the axion field θ given by Eq. (1) is either 0 or π in this case, as shown in Fig. 2(b) . In the case of m a,b = 0, the band structure has two nondegenerate Weyl nodes when t
. Such a Weyl semimetal phase occurs in a finite region in the phase diagram as shown in Fig. 2(a) 
. The system is fully gapped, however, as we will show below, it is not a simple NI but an axionic insulator (AI) with θ = 0, π. Furthermore, the FM fluctuations in the AI lead to a dynamical axion field.
Since θ is odd under T and P, only T -and P-breaking perturbations can induce a change of θ. The term m a Γ 5 breaks both T and P, which varies the value of θ to the linear order. m b Γ 12 breaks T but respects P, therefore it does not affect θ to the leading order. To compute the axion field θ, a lattice regularization is necessary. Explicitly, the value of θ in this model can be calculated as [13, 14] ,
where |d| = (
1/2 , and the repeated index i, j, k, l take values from 1, 2, 3, 5 and indicates summation. Typical θ values in AI phase is calculated in Fig. 2(b) . As expected, θ deviates gradually from 0 or π as m a increases away from 0. When t n /t s 1, the θ value tends to π; for t n /t s → 0, θ converges quickly towards zero. Therefore, θ can be tuned by the layer thickness. Note that θ is only well defined in the insulating regime when m
. For m a > m b , this condition is always satisfied and the whole phase diagram in Fig. 2(a) will be occupied by the AI phase only. Physically, m a > m b means the magnetic moments in Mn and Cr are polarized in the same direction. Different from the previous proposals [13, 14] , such nonquantized θ is coupled to the FM order parameter instead of AFM order, due to opposite signs of J c and J m .
To realize the AI phase, the system should have an appropriate magnetic ordering. If m a > m b , the system will have a FM long range order along z axis and become an AI. Conversely if m a < m b , the system will have an AFM long range order, where the spins of Mn and Cr in each parent magnetic TI layer will point along the +z and −z direction, respectively. In this case, m 2 b − m 2 a < t 2 c1 must be satisfied to realize the AI, which may be fulfilled by adjusting the doping concentration y c,m and tuning the layer thicknesses c,m,n . The magnetic properties of this system are determined by the effective interaction between neighbouring magnetic impurity spins
, where S ρ denotes the in-plane impurity spin, and ρ, ν = c, m labels the ion type. Such effective spin interactions are mediated by the band electrons of TIs [26] [27] [28] . The interactions between the same types of magnetic ions have < 0 for Mn-doped TI film [21] , J cc eff < 0 for Cr-doped TI film [22] and |γ| < 1. The sign of J mc eff is determined by the Ruderman-Kittel-KasuyaYoshida (RKKY) type interaction [29] along the z direction.
iqz z , where a 3 = 1 nm is the z direction lattice constant of parent TI material, i.e., thickness of a quintuple layer (QL). χ zz (q z ) is the z direction magnetic susceptibility of TI with momentum q = (0, 0, q z ) obtained by Kubo formula [29] .
z is the vertical distance between Mn and Cr, which we set to their mean distance in a magnetic TI layer as z = ( m + c )/2. The calculated sign of J mc eff ( z ) oscillates as a function of z [30] , is listed in Table I . The sign of J mc eff is opposite to that in Ref. [30] since J m J c < 0. We note that the exact sign of the interlayer coupling has not been settled yet by experiments. According to Table I , J mc eff < 0 for m = c = 1, 3 QL, possibly leading to a FM ground state, and the system becomes an AI. For m = c = 2 QL, the system may develop an AFM order, yet one can still reach an AI state by tuning t n .
Next we show the axion θ becomes a dynamical field θ = θ 0 + δθ(x, t) in the presence of the FM fluctuations. The magnetic fluctuations in the TI originate from the quantum nature of spin interactions (for γ = 0) and the thermal fluctuations. For convenience we define the magnetization per unit volume of Cr and Mn as
Here g L is the Landé factor, µ B is the Bohr magneton, a is the average lattice constant of TI. They can be regrouped into the FM and AFM magnetization as
In the below, we assume y c = y m = y. The fluctuation of M ± can be generally written as 
, where the coefficient g can be determined from Eq. (5).
The effective Lagrangian density describing the axion coupled electromagnetic response is then given by
where the three terms describe the conventional Maxwell action, the topological coupling between the axion and the electromagnetic field, and the dynamics of the massive axion.
The axion mass at temperature T is m s ∼ |k B T − J F | / , where J F = |J 
B m s , while the velocity v i ∼ ξm s . For an estimation, in a typical magnetic TI system, m s ∼ k B T ∼ J F ∼ 1 meV, the bulk gap is |t s − t n | ∼ 0.1 eV and the Zeeman field is m a ∼ 0.06 eV. Therefore, m s |m a | < |t s − t n |, justifying the above low-energy description of the system.
The coupling between the dynamic axion field θ and the electromagnetic field gives rise to a number of novel topological phenomena, which can be used in experiments as a unique signature of dynamic θ. For instance, it leads to the formation of axion polariton, which becomes gapped in the presence of a background magnetic field. It also leads to the double frequency response on the cantilever torque magnetometry [13] . Here we mention another interesting phenomena proposed in Ref. [15] , that the massive axion in L exhibits an instability in the presence of an external electric field E 0 . Such an instability will lead to a complete screening of electric field above a critical value E crit . In other words, when 0 E 0 < E crit , the field inside the system is E = 0 E 0 / and B = 0; when 0 E 0 > E crit , one gets E = E crit and B = ± µE crit ( 0 E 0 − E crit ). Here 0 is the dielectric constant outside the system, and E crit = (m s /α) 8π 3 g 2 K A /µ. For θ 0 = 0, a secondorder phase transition happens at 0 E 0 = E crit , while for θ 0 = 0, the phase transition becomes a crossover. More details on these experimental proposals are presented in the Supplemental Material [31] . The relative permittivity, axion mass, and axion coupling of the magnetic TI system are estimated to be ∼ 100, m s ∼ 1 meV, g ∼ 0.08 eV, J ∼ 1.5 eV, y ∼ 0.1, and a = 0.5 nm. This gives E crit ∼ (g/J) m s / ya 3 = 2 × 10 6 V/m, which is much smaller than the breakdown field of the typical semiconductors and in the range accessible by experiments. The critical field E crit ∝ m s /y could be reduced by adjusting the doping concentration y of the system. For extremely low temperatures, m s ∼ J F ∝ e −λy −1/3 , and E crit becomes smaller as y decreases. For relatively high temperatures when m s ∼ k B T is independent of y, E crit will be reduced as y increases.
In the above discussion, we show that to realize the dynamic axion, it is not essential to start from a nontrivial TI or a magnetic order. In fact, in such a TI system, the effect of the dynamical axion may be suppressed in the bulk since the electromagnetic field mainly couples to the surface states [13] . Instead, a topologically trivial insulator with magnetic fluctuations properly coupled to the electrons is also able to produce dynamic axions, and the low-energy physics is dominated by the bulk. This motivates us to propose the second dynamic axion system which is a PM insulator. Such a system can be realized by doping magnetic elements such as Cr into 3D TI materials to the vicinity of the topological QCP, for example, Bi 2 (Se x Te 1−x ) 3 with x ≥ 0.66 [32] . The system is topologically trivial and exhibits a PM response at low temperature, which is caused by the reduced effective spin-orbit coupling strength of Cr y Bi 2−y resulting from the Cr substitution of Bi. The Hamiltonian of the system is the Dirac model
as in Ref. [13] , d a (k) = (sin k x , sin k y , sin k z , m 4 (k), m 5 ), Γ a = (τ x σ x , τ x σ y , τ y , τ z , τ x σ z ), τ i refers to orbit index. m 4 is topologically trivial mass, while m 5 = 0 on average, leading to a mean value θ 0 = 0. The AFM fluctuation δM − z of Cr spins inside a unit cell will induce a fluctuation δm 5 , leading to a dynamical axion field δθ = δm 5 /g [31] . The advantage of such a system is that it is close to the PM to FM transition [32] , therefore the magnetic fluctuation is strong and the axion mass m s is small. To distinguish with the previous proposals, this material may be called topological PM insulator which is a TRI AI with a dynamic axion field.
In summary, we show that the dynamical axion field can be realized in a magnetic TI superlattice. We emphasize that each magnetic TI layer does not need to exhibit QAH effect, but only a uniform magnetization is necessary. We hope the theoretical work here could aid the search for the axionic state of matter in real materials. 
